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Attitude Control for Low Lift/Drag Re-Entry Vehicles

Alberto Cavallo* and Giuseppe De Maria^
Seconda Universita di Napoli, 81031 Aversa (CE), Italy

and
Ferdinando Ferrara*

Centra Italiano Ricerche Aerospaziali, 81043 Capua (CE), Italy

We propose an attitude control system for a re-entry capsule with a low lift/drag ratio (0.3). The control law is
based on quaternions and on a sliding manifold approach. By using the singular perturbation theory, a feedback
controller is designed with robustness properties with respect to structural parametric uncertainties and environ-
mental disturbances. The system state remains in a neighborhood of a reference attitude and the control signal is
close to the well-defined equivalent control. The reference attitude is commanded by a trajectory controller that
steers the vehicle on a reference precalculated path. This controller is based on a time-varying linear quadratic and
a variable structure system strategy to meet landing accuracy requirements. Moreover, a new modulator scheme is
proposed to modulate the thrust torque commanded by the attitude controller. The overall control law is tested by
using a six-degree-of-freedom model of the capsule, taking into account an oblate rotating Earth, and gravitational
field, aerodynamics, propulsive forces, and moments. Simulation results show the effectiveness of the proposed
control strategy in meeting the requirements on landing accuracy and on heating and load factor limits.

Nomenclature
/ = actual inertia matrix
Ma = aerodynamic torque vector
Mt = thrust torque vector
q = quaternion vector
u = control input vector
w = disturbance vector
x = state vector
jc = reference state vector
a = angle of attack
ft = sideslip angle
y = flight-path angle
OL = geocentric longitude
OLO = initial geocentric longitude
[i - Earth's gravitational constant
a = bank angle
or - reference bank angle
(j>i = geocentric latitude
T/T = heading angle
(*) - angular rate vector
CDP = Earth's angular velocity

Introduction

IN view of the foreseen development of the International Space
Station, some re-entry vehicles are currently under study. The

Space Shuttle Orbiter can be used for normal crew rotation and re-
supply operations, but, in the case of emergencies, re-entry vehicles
can serve as an alternative to the Shuttle to guarantee the return of all
or part of the crew members. In fact, to use a Shuttle to evacuate the
crew is highly expensive, and moreover the Shuttle may not always
be available.

Both in Europe1 and in the United States,2 an attractive alternative
to the Space Shuttle is being studied: the assured crew re-entry
vehicle (ACRV). It is a re-entry vehicle with limited aerodynamics
that is easy to refurbish and to carry onboard, but able to land with
sufficient accuracy.
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The first results of this study have led to an Apollo-shaped vehicle
with a maximum diameter of 4.5 m and a height of 4.6 m, mass of
6000 kg with six crew members, and lift/drag (L/D) ratio of 0.3,
obtained with a constant angle of attack of 160 deg (trim value),
allowing a cross-range capability of 100 km. The landing accuracy
dispersion requirement is 7.6 km, la, at the drogue opening (7-km
altitude).

The ACRV re-entry mission is composed of three phases: the
retreat, the orbital flight, and the atmospheric phase. The latter is,
in turn, decomposed into re-entry, parachute flight, and landing.
During the re-entry the capsule must follow a reference trajectory,
determined according to terminal path constraints, maximum heat-
ing rate, and load factor. In Ref. 3 the problem of the motion of
the capsule center of mass has been addressed. More specifically,
a trajectory controller has been designed to steer the capsule on
the reference path, in the presence of aerodynamic uncertainties,
off-nominal initial conditions, and perturbed air density model. The
controller designed turns out to be a time-varying linear quadratic
(LQ) compensator to control the vehicle in the vertical plane, and
a variable structure system (VSS) controller to point the velocity
vector toward the target by means of a sequence of roll reversal
maneuvers.

In this paper we deal with the problem of the motion of the capsule
about the center of mass. More specifically, we propose an attitude
controller to track the reference attitude resulting from the trajectory
controller. This permits the vehicle to experience the aerodynamic
force needed to follow the reference trajectory: the trajectory con-
troller computes the attitude required to follow a desired path, and
the attitude controller computes the torques needed to guarantee
such an attitude.

To verify the effectiveness of the proposed control strategy, six-
degree-of-freedom simulations have been performed, by using the
reference trajectory and the path controller designed in Ref. 3. Inertia
matrix uncertainties and aerodynamic disturbances are absorbed by
the control action.

The attitude controller we propose is based on a sliding manifold
approach. Moreover, the large-angle maneuvers in the reference
attitude, caused by the roll reversals, prevent us from using Euler
angles, which could result in singularity. As a result, quaternions
have been used to describe the kinematics.4 Specifically, given the
initial configuration of the vehicle and the reference attitude to track,
we design a sliding manifold for which the equivalent control is
well defined. By using the singular perturbation theory, a feedback
control law is obtained resulting from the solution of a system of
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differential equations containing a small positive parameter. The
closed-loop system exhibits strong robustness properties in spite of
structural uncertainties and atmospheric disturbances. Moreover, the
system state is in a prescribed neighborhood of the sliding manifold
at any time.

Finally, thrusters have been considered to provide the torques re-
quired by the attitude controller. Usually, thrusters are modulated
by pulse-width and pulse-frequency modulators.4 We propose a new
scheme in which the thrust firing strategy is commanded by a closed-
loop modulator which uses a nonlinear device (Schmidt's trigger).
This modulator provides an average output torque that equals the
required continuous torque profile, commanded by the attitude con-
troller. Moreover, fuel consumption and constraints on minimum
on/off time, resulting from the minimum impulse bit (MIB), can be
taken into account.

Six-degree-of-freedom simulations including the modulator have
shown the effectiveness of the overall control strategy proposed. The
simulations have been performed in the presence of both trajectory
and attitude disturbances and off-nominal initial conditions.

Coordinate Systems
To describe the model, we must introduce some coordinate sys-

tems. The inertial system has the origin at the Earth center, with the
X and Y axes in the equatorial plane and the Z axis aligned with
the planet polar axis, positive toward the south. The second coor-
dinate system (Xg, Yg, Zg) is local geocentric; the Zg axis is along
the line through the center of mass of the body, positive toward the
Earth center; the Xg axis is orthogonal to Zg and positive toward
the north, and Yg completes the right-handed orthogonal frame. The
third system we have considered is a body-fixed reference frame
( x , y , z ) , with origin at the vehicle center of mass, the x axis along
the geometric longitudinal axis of the body, positive toward the cap-
sule nose, the y axis contained in the symmetry plane of the body
pointing downward at entry and perpendicular to the x axis. The z
axis completes the right-handed orthogonal frame.

A further coordinate system we have considered is the (XA, YA,
ZA) wind or aerodynamic frame. The XA axis is along the velocity
vector with respect to the local geocentric frame; the drag force is
along this axis, with opposite direction; the ZA axis is aligned with
the lift force, with opposite direction; the YA axis completes the right-
handed orthogonal frame. This frame is defined with respect to the
local geocentric system by the flight path angle y, the heading angle
^, and the bank angle a. The wind frame is defined with respect to
the body axes by the angle of attack a and that of sideslip ft.

The relationships among those reference frames are given by the
following rotation matrices. Wind axis coordinates are converted in
local geocentric by

Model
In an inertial reference frame, the rigid-body dynamics equations

can be written as

Jo; + S = M, +Ma (5)

where / = /0 + A/ is the actual inertia matrix, J() is the nominal
inertia matrix, cj — (a)x, a>y, OL>Z)T is the vector of angular rates, Mt is
the vector of applied thrust torques, Ma is the vector of aerodynamic
torques, and the skew-symmetric matrix S(o;) is given by

(6)

Generally, the kinematic description of rigid-body motion involves
three parameters known as Euler angles. In the case of large maneu-
vers, however, the Euler angle description can exhibit singularities.
In such cases, an alternative approach is to use quaternions.5 Ac-
cording to Euler's Theorem, the most general displacement of a rigid
body with one point fixed can be defined by a rotation of an angle <f>
about some unit vector r. We can then define the Euler symmetric
parameters

<D

<?4 = cos(d>/2)

and collect them in a quaternion

q
44

(7)

(8)

(9)

the four elements of the quaternion are not independent but must
satisfy the condition

(10)

(11)

The rigid-body kinematic equation can be shown to be

' XA \ / cos y cos i/f cos y sin ^r —sin y \ /

yA I == I — sini/f cos or -f siny cosi/^ sin cr cos T/T cos a -f sin y sin ̂  sin cr cosy sin a I I Yg

ZA I \ sin ̂  sin a + sin y cos i/^ cos a cos i/^ sin a + sin y sin V^ cos a cosy cos a) \Zg

Inertial coordinates are converted in local geocentric by

—sin 0L cos 5 — sin 0L sin 5 — cos0
sinB -cos B 0

—cos (j)L cos B —cos 0L sin B sin 0L

where </>L is the latitude,

(3)

and 9 1 and OLO are the actual and initial longitude, respectively. The
conversion between body axes and wind axes is

'XA\ /cos a cos ft sin/?
YA I = I — sin/? cos a cos f>
ZA / \ -sin a 0

sin a cos fi
sin/? sin a y

cos ot z
(4)

where is the matrix

44 -43 42

43 44 ~4l

-42 4i 44
-41 -42 -43^

(1)

(12)

Let B — [q e R4 : ||#|| = 1} be the unit sphere in R4 and define the
state vector x e R I , where R{ = {x = (qT, u?7)r | q e B, u e R3},
the input vector u = Mt e R3', and the disturbance vector w =
Ma e R3; then we can write

x =
0 A12(
0 A22(*)

(13)

whereAi2(Jc) = £ , and#2 =7"'.
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Attitude Control
Mathematical Background

Consider the system

(14)

where x e RI , u e R3, and the map x H> A(x) satisfies a Lipschitz
condition on /?i. Let s : RI x [0, oo) be a continuously differentiable
map and define a related sliding manifold as

S = {(x, t) e fli x [0, oo) : s(x, t) = 0} (15)

Consider the function g(x, u,t) : R\ x R3 x [0, oo) -> R3 defined
by

O r\

g(x, M, r) = -^-s(x, t) + ^-s(x, t)[A(x)x + Bu] (16)Or 3jc
and for any s > 0 consider the system of ordinary differential equa-
tions

x=A(x)x

SU =

(17)

(18)

Under suitable assumptions of local existence and uniqueness on
S in a suitable neighborhood X of the manifold,6 we can give the
definition of equivalent control.

Definition L For any pair (x, t) e Z, the unique solution u*(x, t)
of the algebraic equation g(jt, u,t) = 0 is called the equivalent
control for the problem

x=A(x)x

s(x, 0 =
(19)

It is possible to show that a necessary and sufficient condition for
local existence and uniqueness is that the matrix

(20)

is not singular for any (jc, 0 e 1. This condition also defines
uniquely the equivalent control as

, 0 = - £:*(*> 0* ^* (21)

Moreover, it is required to assure uniform asymptotic stability of the
differential equation governing the equivalent control with respect
to (jc, f) el.

Definition 2. A point (x, u, t ) such that the solution of the Cauchy
problejn y = g ( x , y , f ) , y(Q) = u, converges asymptotically to
M*(JC, t) is said to belong to the domain of influence of u*(x, t).

The following theorem is a direct consequence of a classic result
of the singular perturbation theory.7 Assuming that conditions for
existence and uniqueness of the equivalent control are satisfied and
that the origin x = 0 of system (17) and (18) corresponding to s = 0
is exponentially stable, we have the following.

Theorem 1. Let (jc0, MO, 0) be a point in the domain of influence of
u*(x(), 0), with (*(,, 0) 6 S. Then the solution pair [x(t, e), u(t, s)]
of the Cauchy problem

x=A(x)x + Bu;

su =g(jc, M, 0;

has the following properties:

lim x(t, s) = x(t)
e-M)

lim M(r, s) = M(0

ii(0) = MO

uniformly in [0, oo)

uniformly in [ti, oo)

(22)

(23)

for any t\ > 0, and [x(t), u(t)] is the solution of the reduced system

x = A (x)x + Bu, jc(0) = jc()
(24)

g(jC, M, 0 = 0

Problem Formulation
Let x = (qT, UT)T e R\ be a reference state attitude that the

body is required to follow. Then the tracking problem can be stated as
follows: given ft > Oand<5 > 0 and any initial state JCQ = (0J,u;J)7',
it is required to design a feedback control law such that the error
vector e = x — x satisfies

(25)

for any t > 0, where A is a constant depending on the data. To solve
the attitude tracking problem, we define s : R\ x [0, oo) —»• R3 as
follows:

s(x,t)=H(q)[x-x-f(xQ,t)] (26)

where JCG = x(0),H(q) is a matrix of suitable dimensions to be
chosen later, and/(x0, t) is a vector such that

/(*o,0)=jc(0)-*0

and

lim /(jc0, 0-0
/->• CXD

Now consider the system

x —
0

0 Av(x)J~ ' V*2

£M =g(jC,«,0

(27)

(28)

(29)

(30)

whereg is defined by means of Eqs. (16) and (26). Since s(jc0, 0) —
0, the solution [x(t), u(t)] of the reduced system defined in Theorem
1 satisfies s[x(t), t] = 0 for any t e [0, oo).

Now we let

H2] (31)

where HI (q) e R3x4 and H2 is a full rank 3 x 3 constant matrix to
be chosen. According to Eq. (20) it is easy to prove that existence
and uniqueness assumption on the equivalent control holds if and
only if the matrix

(32)

is nonsingular. Since the inertia matrix, even in the presence of
uncertainties, does not lose rank, it is easy to select the matrix H2 in
such a way that F has all of the eigenvalues in the right half-plane,
to satisfy also the stability assumption referred to in Definition 2.

The matrix HI (q) can be selected as follows:

HI (q) = H( Hr (#) (33)

where H( is a constant 3 x 3 matrix. Finally, a possible choice of
the function/(jc0, 0 satisfying Eq. (27), Eq. (28) is

(34)

where C is a stability matrix. Now we can state the following.
Theorem 2. Let JCG € R\ be given. Assume that

> 0 (35)

and H( be a matrix such that H^1H\ is symmetric and positive
definite. Let

ReAmax(C) < - (36)

Then there exists an £() > 0 such that for any s € (0, £0] the solution
[x(t, e), u(t, s)] to Eqs. (29) and (30) satisfying [jc(0, e), ii(0, s)] =
(jc0, MO) is such that

\x(t)-x(t,s)\ (37)
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with

H2

x [jc(0 - jc(r, e) - ec'(*() - J (38)

where r > 0 and A and /? are positive constants depending on H( ,
H2, C, andjc0.

The proof of Theorem 2 is detailed in the Appendix.
The role of the term/fro, t) = eCt(x(} — JC0) is to slow down the

convergence of the error, due to initial off-nominal conditions. The
closer to zero the real part of the eigenvalues of C, the slower the
convergence of the error will be. Moreover, according to the singular
perturbation theory, the smaller that we set £, the closer the actual
state is to the reduced-order model state and the actual control to
the equivalent control. This allows us to consider bounds on the
control. In fact, by Theorem 1 the control signal u(t,s) approaches
the equivalent control w(0, and the shape of the equivalent control
is determined by the matrix C and by the reference trajectory. It is
possible to show that the equivalent control is given by

) - w0)]
lot(u>o - w0)]

/[w - Ma (39)

Then we can select the nominal trajectory and the term ect (Jc0 — jc())
to fulfill bounds on the equivalent control and select e small enough
to guarantee that the actual control does not violate these bounds.
Moreover, the presence of the term e€t (x() — jc()) avoids the drawbacks
of high gain control systems such as peaking phenomena. Finally,
note that the equivalent control input (39) absorbs both the inertia
matrix uncertainties and the aerodynamic disturbances, as evidenced
by the equations of the reduced-order system (A8) and (A9) in the
Appendix.

Attitude Control for Low LID Re-Entry Vehicles
The problem of steering a capsule along a prescribed trajectory

has been addressed in Ref. 3. In that paper we considered the lin-
earized model of the capsule along a nominal trajectory, obtained by
means of an optimization code that minimized the total thermal load
taking into account path constraints on the load factor, maximum
stagnation point heating rate, and terminal path constraints, assuring
a nominal 100-km cross range. The control strategy assumed fixed
angles of attack a — 160 deg and sideslip f$ = 0 deg, whereas the
bank angle a is used as control variable. This strategy involves a
feedback on altitude, relative speed, flight-path angle and range to
go-

Then a time- varying LQ controller was designed to follow the
trajectory in the vertical plane in spite of aerodynamic disturbances
and structural uncertainties. Since the vertical plane motion is not
affected by the sign of the bank angle, a VSS strategy was employed
to point the vehicle velocity vector toward the target. The heading
angle error used in this feedback loop was deduced from the actual
heading angle, latitude and longitude, and from the target latitude
and longitude. This strategy resulted in a sequence of roll reversal
maneuvers.

The control law in Ref. 3 has proved to be robust against off-
nominal initial conditions, aerodynamic coefficient uncertainties,
and air density perturbations. The result of the paper are three com-
manded angles ac, fic, and ac that the actual angles a, f>, and a are
required to follow.

In this paper an attitude controller is designed to accomplish such
a task. In Ref. 3 sudden roll reversal maneuvers have been assumed.
Since this assumption is not realistic and would generate impulsive
attitude reference profiles, a filter has been added to smooth the bank
angle. The filter should avoid wide overshoot and oscillations. A
possible solution is an ITAE filter, whose coefficients are computed
to minimize the integral of the product of time and absolute values
of an error to a step. A second-order ITAE filter F(s) assuring 12-s
rise time has been used.

Obviously, the filter action decreases the performances of the
trajectory controller, nevertheless trajectory simulations carried on
in the presence of such a filter show that ground dispersion re-
quirements are still met. Thus, the trajectory controller generates,
at each time instant, a continuously differentiable reference trajec-
tory [a(0, /K0> £(0] to track. This trajectory must be converted
into reference quaternions and reference angular rates. This can be
achieved by using Eqs. (1-4) to compute the 3 x 3 direction cosine
matrix E that defines the orientation of the body axes with respect to
the inertial frame. To compute the matrix E, the variables y,^,0L,
and 4>i are supplied by the navigation system. The quaternions are
computed as5

q4 = ±5 VI

q2 =

+ e22

-£32)

q3 = (l/4q4)(en -

(40)

(41)

(42)

(43)

Equation (40) evidences the well-known fact that quaternions with
the same absolute value and opposite sign, q and —q, describe the
same orientation. Since the sign ambiguity in Eq. (40) could result
in discontinuous reference trajectories, the sign in Eq. (40) must
be selected at each time instant to ensure a continuous quaternion
reference trajectory.

Furthermore, by using Eq. (11), the reference angular velocity
can be computed:

(44)

where q is numerically computed by using a high-pass filter H(s).
The actual quaternions and angular velocities, as well as all of

the position and velocity variables required to generate the reference
quaternions, are provided by the navigation system. The complete
attitude and trajectory control scheme is depicted in Fig. 1. The
values of the inertia moments of the capsule are

Jxx = 8889, Jyy = Jzz = 12,015

Jxy = Jxz = Jyz = 0 kg • m2

The ITAE filter is

The high-pass filter is

1
3652 + 8.4845 + 1

H(s) =
1005

5 + 100

(45)

(46)

(47)
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The matrices in Theorem 2 have been selected as

//; = 10/3, H2 = diag(100, 50, 50) (48)

C = diag(C9,CJ (49)

C,--0.1/4, C» = -0.1/3 (50)

The matrix C is selected to recover off-nominal initial condition in
about 50 s, and s = 0.001.

An initial conditions mismatch has been assumed:

-3.5-

qQ = (0.7272, 0.1207, -0.6426, -0.2091)

#o = (0.7268, 0.14, -0.6274, -0.2419)
(51)

w0 = (0.0008, 0.001, -0.002), w0 - (0, 0, 0) (52)

Simulations have been carried out in the presence of aerodynamic
disturbance torques and 2% inertia matrix uncertainties with a six-
degree-of-freedom simulation code. Trajectory perturbations and
off-nominal initial conditions have been considered according to
the numerical values in Ref. 3.

The results are shown in Figs. 2-4. In Fig. 2 the quaternion track-
ing errors eqi and eq2 are reported. In Fig. 3 the behavior of the
angular rate error e^ is depicted. In Fig. 4 the ;c-axis control torque
is shown. Note the high peak required by the roll-reversal maneuver.
The geodetic altitude-time history and the last 340 s of the ground
track history are presented in Figs. 5 and 6, respectively.

136.5 137 137.5 138 138.5 139 139.5 140 140.5 141 141.5
Longitude [deg]

Fig. 6 Ground track: ——, actual trajectory and . . . . . . nominal tra-
jectory.

Finally, the problem of control implementation has been ad-
dressed. The actuators we used are hydrazine thrusters.8 The com-
manded control and its derivative resulting from our strategy are
continuous, whereas the actual control operates in pulse mode;
moreover, the MIB phenomenon determines minimum on and off
time. The modulator scheme we propose is depicted in Fig. 7. In
this scheme, the presence of the feedback loop and the integrator
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Fig. 7 Modulator scheme.
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Fig. 8 Quaternion q\ tracking with thrusters: ——, actual and . . . . . .
reference.

guarantees that the mean value of the modulated output follows the
continuous input signal, whereas the nonlinear device (Schmidt's
trigger) takes into account fuel consumption and MIB. More specif-
ically, the parameters of the trigger are chosen as follows: the am-
plitude E of the trigger must be larger than the maximum value of
the commanded torque, to assure stability of the scheme. The hys-
teresis shift c is related to the largest admissible tracking error; the
hysteresis amplitude 2 A takes into account the MIB. The amplitude
of the torque values are selected according to the largest values of
the equivalent control for each axis. Moreover, the larger the dead
zone the lower the fuel consumption. Therefore, the width of the
dead zone must be selected to assure a good compromise between
both tracking error and fuel consumption. However, the tracking
error is also influenced, as already seen, by the parameter s, whose
value must be selected to take into account the tracking error due to
the dead zone.

This scheme can be seen as a modification of the pulse ratio
modulator9'10 and retains the same stability and mean value proper-
ties,11 as can be proved by using the VSS theory.12 This modulator
guarantees that the mean value of the actual thrust moment follows,
up to an error controlled by the width of the dead zone, the con-
tinuous control required by our attitude control strategy. Because
of the large values of the inertia matrix, the capsule works like a
narrow low-pass filter, cutting off the high-frequency components
of the actual control.

The parameters of the modulator have been chosen as follows:

Ex = 800N-m, cx = 4 0 0 N - m - s

A* = 2 0 0 N - m - s

Ev = 2 0 0 N - m , cx = 1 0 0 N - m - s

= 5 0 N - m - s

Ex = 400 N • m, cx = 200N • m • s

* = 1 0 0 N - m - s

(53)

(54)

(55)

Moreover, a larger value s — 0.005 has been imposed to guarantee
feasible control consumption and minimum on time.

0.2

0 100 200 300 400 500 600 700 800
Time [s]

Fig. 9 Angular velocity ux tracking with thrusters: ——, actual and
• • • • • , reference.

25

-5
0 100 200 300 400 500 600

Time [s]
700 800

Fig. 10 Angles a. and (3 errors: ——, a error and • - • -, j3 error.

150

0 100 200 300 400 500
Time [s]

Fig. 11 Actual and commanded bank angle: -
commanded.

-, actual and • - • -,

The simulations performed with actuator are shown in Figs. 8
and 9. Obviously, the larger value for s and the width of the dead
zones result in decreased tracking performances, as evidenced in
Fig. 8.

Comparison with the results in Ref. 3 shows the effectiveness
of the proposed technique. In Fig. 10, a and ft errors are shown,
whereas the bank angle a is depicted in Fig. 11.
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Conclusions
In this paper an attitude control system for a re-entry capsule

has been proposed. A reference attitude profile is obtained from a
trajectory controller, converted in reference quaternions and angu-
lar rates, and tracked by the capsule. The attitude control law is
based on a sliding manifold approach and on the theory of singular
perturbations.

Thrust torques are modulated by a new modulator, able to take into
account fuel consumption and minimum on/off time. Simulations
are performed by a six-degree-of-freedom code, taking into account
structural uncertainties and environmental disturbances.

Appendix: Proof of Theorem 2
To prove the theorem we must preliminarily recall some proper-

ties of the quaternion representation. For any q\, q2 6 B, we have

Moreover, for any q e B,

(Al)

(A2)

(A3)

Finally, two coordinate frames with quaternion representation/? and
q coincide13'14 if and only if 8q = 0, where

and the operator S(-) is defined in Eq. (6).
Now we are ready to prove the theorem. We define the tracking

error e = x — x and apply Theorem 1 to the error dynamics. The
tracking error can be split into two components:

e = (A5)

Letting/ — (//* /J)r and computing the function g(x,u,t) as in
Eq. (16) we have

0]

H2] (A6)

By using property (Al) it is easy to compute the equivalent control

~ Ma (A7)

The solution u; of the reduced-order system is

&(0 - w(r) -f2+H-[Hl(q)q-H~lHl(q)fl (A8)

where q is governed by the differential equation

(A9)

Note that, according to Eq. (A8) and by using Eqs. (33), (A2), and
(34), if the quaternion error converges to zero, the angular rate error

CM also vanishes. To test the convergence of the quaternion error, we
choose as a Lyapunov function

V=e' (A10)

Computing the time derivative of the Lyapunov function along the
trajectory defined by Eq. (A9) and the reference trajectory

(All)

(A12)

(A13)

then if JF/^1//! has been selected to be positive definite, there exists
t* > 0 such that V < 0, Vr > t*. As in the interval [0, t*] the
quaternion error is bounded, \\eq \\ = \\q — q\\ < 2, we have

we have

V = -8qTH~lH\8q + 8qTH-lH{

where 8q, defined by Eq. (A4), can be shown to be

lim eq(t) — 0 (A14)

Finally, applying Theorem 1 to the tracking error we complete the
proof.
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